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A jet in crossflow

By D.J.NEEDHAM, N.RILEY
School of Mathematics, University of East Anglia, Norwich NR4 7TJ, UK

AND J. H. B.SMITH
Aerodynamics Department, Royal Aircraft Establishment, Farnborough GU14 6TD, UK

(Received 6 May 1987)

The flow of a jet of an inviseid, incompressible fluid emerging from a cylindrical pipe,
of circular cross-section, into a stream of the same fluid is considered. The component
of the external flow normal to the axis of the pipe is taken to be small compared with
the speed of the jet. The results throw some light on the mechanisms that are
responsible for the observed deflection of jets into the crossflow direction.

1. Introduction

The behaviour of a jet exhausting into a fluid of similar density which is flowing
at an angle to the jet axis (the jet in crossflow) is important in a wide range of
situations, from the dispersal of pollutants in the environment to the aerodynamics
of aircraft like the Harrier in the transition between wing-borne and jet-borne flight.
The present paper treats the mathematical problem that arises from a highly
idealized model of flows of this type. The geometry considered is a semi-infinite pipe
with vanishing wall thickness, in the form of a right circular cylinder, in an
unbounded space. The fluid is assumed to be inviscid and incompressible, with the
same density throughout. Far from the pipe the fluid moves with uniform velocity,
and within the pipe, far from the orifice, it also moves with uniform velocity. The jet
emerges from the orifice bounded by a stream surface common to the interior and
exterior flows, across which the pressure is continuous. Without wishing to dismiss
the possibility that the appropriate solution may be unsteady, we seek a solution
that is independent of time. This takes the form of a pair of potential functions,
solutions of Laplace’s equation, coupled by conditions on an initially unknown
boundary. We do not specify the direction or properties of the jet at a large distance
from the origin because the mean streamlines in the jet surface act like characteristics,
as discussed in §4, because we believe the disturbance introduced by the jet into the
uniform flow at infinity is negligible in three dimensions, and because the analysis we
use does not require such downstream boundary conditions. In this way, we obtain
a problem which appears well-posed but intractable.

The classical approach of introducing a small parameter is followed. The
component of the ambient velocity normal to the axis of the pipe is assumed to be
small compared with the velocity in the pipe. The departure of the jet from the
circular cylinder defined by the pipe is, consistently, also assumed to be small. The
component of the ambient velocity along the pipe axis is not restricted, although
conceptual difficulties arise if its sense is opposed to that of the pipe flow. If the
normal component of the ambient velocity is € times the undisturbed speed in the
pipe, where ¢is small, we can distinguish two distinct lengthscales in the development
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of the jet. The first is obviously the scale of the pipe radius a; the second emerges as
the longer scale a/e. It is on the second scale that deflection of the jet or significant
distortion of its cross-section takes place. The first few terms in an expansion of the
appropriate solution can be found relatively easily. They provide a downstream
boundary condition for the solution on the scale of a. A solution on this scale,
expressed in terms of integrals, has been obtained, by an application of the
Wiener—Hopf technique, as used by Lennox & Pack (1963) for planar, compressible
jets.

Before outlining the results obtained, we provide some motivation for this
approach to the jet in crossflow. A characteristic feature of the real flow is that the
jet path is deflected towards the direction of the ambient flow. A second characteristic
feature is that the disturbance field of the deflected jet at a large distance from the
orifice is dominated by a pair of contrarotating vortices aligned with the jet. A third
characteristic feature is the highly turbulent nature of the flow, arising partly from
the instability of laminar shear layers at the high Reynolds numbers typical of the
practical occurrences and partly from the unsteadiness of the separation of the
ambient flow from the jet surface. In view of the last of these features, and of the
more familiar case of the aligned jet, it is clear that any detailed predictive method
must be based on a flow model in which Reynolds stresses are represented. Valuable
approaches on these lines are those of McGuirk & Rodi (1979) and Sykes, Lewellen
& Parker (1986), who also reference other works in the field. Calculations of this kind
are, however, of limited value in elucidating the flow mechanisms that are involved
in the distortion and deflection process. In principle, Reynolds stresses and viscous
stresses could be set to zero in the algorithms used, but numerical instability is then
likely to ensue unless substantial numerical damping, with dissipative properties, is
present in the calculation. On the other hand, the success of inviscid models of three-
dimensional flows involving concentrations of vorticity, from the wing theory of
Lanchester and Prandtl onwards, invites attempts to explain the first two
characteristic features on an inviscid basis. Many such attempts have been made,
starting with the work of Chang (1942), and concentrating on the flow in planes
normal to the centreline of the jet. These treatments have been able to account in a
qualitative way for the deformation of the jet cross-section along its length, but
relating the axial flow to the crossflow is more difficult, and they are unable to predict
the deflection of the jet centreline. Moreover, for the fully three-dimensional flow
near the jet exit a more elaborate treatment is clearly required.

A further practical incentive to examine inviscid models of the jet in crossflow
arises in the aeronautical context, where there is a need to take into account the
interaction between the jet, the external shape of the aircraft and the ‘ground’,
where the last may be part of the Earth’s surface, the superstructure of a ship, or the
wall of a wind tunnel. Practical methods for such ambient flows are still based on the
classical aerodynamic model of an inviscid fluid, with boundary conditions modified
to take account of boundary-layer effects. Consequently, a jet model which can be
incorporated into such a treatment of the ambient flow would be highly desirable. In
any case, it is important to know how much of the characteristic behaviour of the jet
in crossflow is predictable on an inviscid basis, and how much depends on the
representation of tangential stresses.

On the key question of the deflection of the jet, the results of the present
investigation are not entirely conclusive. They show that the component of the
ambient velocity along the axis of the pipe plays a crucial role. If this is zero, that
is to say if the pipe is perpendicular to the ambient flow, the deformation of the jet



Jet in crossflow 161

is symmetrical fore-and-aft, there is no force on the jet, and there is no deflection of
the jet, at least to the number of terms so far calculated. With a non-zero axial
component of the ambient velocity, the jet deforms asymmetrically, there is a force
on the cross-section of the jet, and the centroid of the jet cross-section is displaced,
corresponding to a deflection of the jet. The deflection of the jet is downstream if the
component of the ambient flow is in the same sense as the velocity in the pipe, i.e.
if the pipe is inclined downstream.

The mathematical problem is formulated in §2. Section 3 contains the first part of
the solution, valid for distances of the order of a/e from the orifice, and a summary
of the results of the second part of the solution valid close to the orifice. Details of
the latter are given in the Appendices. The results are discussed in more detail in
§4.

2. The governing equations

The problem we address is that of the flow of an incompressible, inviscid fluid
which emerges, with mean speed U,, from the orifice of a pipe of circular cross-
section, radius a, lying along — o0 <& <0 (an overbar denotes a dimensional
variable). The jet emerges into a stream of similar fluid which has undisturbed speed
U 0(/’(2+62)§, where the magnitude of A is unrestricted, but ¢ € 1; the pipe is at an
angle tan (e/A) to the undisturbed stream direction (see figure 1). The flow is
assumed to be steady and irrotational throughout. The undisturbed pressure outside
the pipe is §,, and within the pipe, far from its orifice, §_,,. We assume that

PP =%pU(2)(2a'_1)€2) (21)

where a is a given constant, and p is the fluid density. This assumption of a small
difference between the undisturbed jet and stream pressures ensures that the initial
departure of the jet shape from a circular cylinder of radius a is small.
Non-dimensional variables are introduced in which a representative length,
velocity and pressure are taken as a, U, and pU} respectively. In cylindrical polar
coordinates (r, 8, x), where the centreline of the pipe lies along the negative axis of z
and @ is measured from its leeward generator, Laplace’s equation for incompressible
potential flow is
1_@_( 645) 1 *P D

o) TreeE e =2

ror

In (2.2) @ represents either the velocity potential of the outer streaming flow or of
the inner jet flow which are respectively denoted by ¢ and ¢. The boundary
conditions require, at the pipe surface

o _ o _ _
ar_ﬁr_o onr=1, x<0, 2.3)
and at the jet surface, denoted by F(r,0,z) =0, > 0,
Vp.-VF =V@-VF =0 on¥F =0. (2.4)

From Bernoulli’s equation the dimensionless pressure, inside and outside the jet
respectively, is given by

ﬁ =p-w+%{1—(v¢)2}’ p =Pm+‘é’{/\2+€2“(v¢)2}:
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and continuity of pressure at the jet surface then requires, using (2.1),
(Vp)2— (V)2 =A2—1+2(1—a)e® onF =0. (2.5)
Finally, the undisturbed conditions require that
g~z asx—>—00, r<l, (2.6)
and in the outer flow, far from the pipe and the jet,

@ ~ Ar+er cosf. 2.7

3. Solution procedure

As a preliminary we note that at leading order the jet surface is simply r = 1 and
as a consequence the outer solution, correct to O(e), is

(p=/\x+e(7‘+;) cos for all x. (3.1)

If, for simplicity, we take & = 0 then the solution (3.1), and the dynamic condition
(2.5) require that the inner solution, for x > 0, takes the form

@ = x—elxr? cos 20, (3.2)

which in turn, from the kinematic condition (2.4), leads to a modified jet shape given

by r = 1—e%? cos 26. (3.3)

Now, (3.2) and (3.3) are not correct in all their details, and not least because (3.1)
is correct only to order e. However (3.3) does indicate that this perturbation
procedure will fail for « > 1, specifically when x = O(¢™*). This indication motivates
the choice of £ = ex as a far-field variable, and we find it convenient to develop the
solution in the far field before considering the solution close to the orifice, where
x = 0(1).

3.1. The far-field solution; £ = O(1)
If we introduce the variable £ = ex the governing equation (2.2) becomes
0*P

V2¢+62a—§2 = 0, (34)
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where V2 denotes the two-dimensional Laplace operator. Guided by (3.1)—(3.4) we
expand the outer, stream potential @, the inner, jet potential ¢ and the jet shape
function F, as

= E+6/\{<Jvu(r 0)+Epua(r, )+ Expyy(r, 0) + .. }+ M@y (r, 0)+.. J+..., (3.5)
&=+ 6 1sr, O)+ EGa(r, O) 4 3+, 0) . 1+ (3.6)

F = r—1—£,(0)— 8£,(0) — E,(O)+... (3.7)

Consider next the boundary conditions. We find it convenient to transfer the
kinematic, (2.4), and dynamic, (2.5), conditions at ¥ = 0, where F is given by (3.7),

to conditions on r = 1. Thus, substituting (3.5)-(3.7) into (2.4), and ignoring terms
that are smaller than O(e£?), we have

Puar+ EPrar— 2f3) + E(fo Prrrr +Prar —fosPr1s— 3f3) = 0, (3.8)
Prar— 2f5 + E(@rs, —3f5) = 0, (3.9)

both evaluated at r = 1, where the subscripts 7,8 represent differentiation with
respect to those variables. If we eliminate 2f, 4+ 3§f, between (3.8) and (3.9), then the
kinematic boundary condition becomes

@11r+£(¢712r‘¢712r)+gz{(Plar_¢13r+%(‘Iblzrwurr_(ﬁmor(puo)} =0 atr=1. (3.10)

Substitution of (3.5), (3.6) into (2.5), and transfer of the boundary condition to
r =1 gives, for the pressure boundary condition,

2(1 — &) + 20, — A2y, +Ph1p + 2¢01,)
+ §{4P1a — A%(2011, Pror +20110P1ap T 4P15)} =0 atr=1. (3.11)

We now determine explicitly the terms O(e) shown in (3.5), (3.6) by substituting
these expansions into (3.4) with (2.7), (3.10), (3.11) and equating to zero coefficients
of successive powers of £.

The leading-order terms result in the following problem for ¢, :

Vip,, =0, ‘l
. 3.12
with @1, =0 atr=1, <p11~;r\—cost9 asr—>oo.J ( )
The solution for ¢,,, already anticipated in (3.1), is
Q= %(1‘-{-%) cos . (3.13)
The terms O(£) in (3.4), (3.10), and O(1) in (3.11), now give, for @,,, ¢,
Vip,, = Vi, =0,
with, at r =1, Pror—Pr2r = 0, (3.14)

@ — APy, = a—cos 26,
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where use has been made of (3.13). If we write

Q= 2 a,7r "cosnb, P,= 3 d,r" cosnb,
n=1 n=0
where due attention has been paid to conditions at infinity and » =0, then
it is readily shown, by substitution into (3.14), that @, = &, a, = —d, = (1 + A%,
a, = d, = 0 otherwise, so that

1 cos24 r?

P12 = WT, Pie = a—m cos 26. (315)
The solution at this order is completed by determining the jet shape function f,(6)
which, from (3.9), is given by
- 1
fo(0) = P (r=1)= T e 08 20. (3.16)
Before we move to the next stage we make two observations. The first is that (3.16)
implies a symmetric deformation of the jet cross-section from its original circular
shape, and the second that an increase in pipe pressure (a > 0) results in an
acceleration of the emerging jet flow by (3.15).
We move next to the consideration of ¢,,, $,; which, from (3.4)—(3.6), (3.10), (3.13)
and (3.15) satisfy .
. Vip,s = Vi, =0,
together with, at r = 1,

- 1
Prar — Trar = /\(1—4—/\2)(0080—3 cos 36),

(3.17)
Gra—Alps = —i\—-—(cos 60— cos 36)
13 13 1+A2 '
If we again express the solutions in the form
Pa= X b,r " cosnb, G3= % b r" cosnb,
n=1 n=0
then it is a straightforward matter to show that
b = 1 1-A%
15 =703 = T e
A(14+A%)? (3.18)
b= _f.=_2A
YT+
with all other b,,5, = 0, to give
1 1—-A% fcosf cos30 . 22 3
P13 =} (1+/\2)2( T ), s —m(r cos 8—r® cos 30).
The solution at this stage is completed by noting, from (3.9), that
L 2 A
fal0) = Pra(r =1) = 3T (cos @ —3 cos 30). (3.19)

The jet shape function f,(6) in (3.19) shows an asymmetric distortion of the jet cross-
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section. This asymmetry is associated with a corresponding asymmetry of the
pressure distribution. The jet pressure § is readily calculated from the inner solution,
up to the point that we have taken it, as

. N N r? A
P—P_ = — P+ 2£P,,) = — €2 {a——mg cos 260 + 4£m2—)5 {r cos 8 — 13 cos 30)}.
(3.20)

So far as the terms O(¢®) in (3.5), (3.6) are concerned we simply note, by
substitution into (3.4), that @,, and ¢,, satisfy the equations

Vg + 20,5 = Vi, +26,, = 0. (3.21)

It is at this point that the solution would involve functions that are not solutions of
the two-dimensional form of Laplace’s equation.

The series (3.5), (3.6) are valid in the far field; they fail in the neighbourhood of
x = (0 since no account is taken in them of the presence of the pipe orifice. Written
in terms of the original variable x we have

Q ~ A+ eA@,;, +€2Ax @, + AP, @) .
1 12 P13 T P (3.22)

P~ x+Ex P+ (@ P+ @)+ ...
Note that the coefficient of each power of ¢ is a solution of (2.2), that of € by virtue
of (3.21). The expressions (3.22) are the asymptotic forms that a solution, valid in the

neighbourhood of the pipe orifice, must take as x—00. We now consider such a
solution.

3.2. The near-field solution: x = O(1)
Correct to O(€?) we write

@ = Ax+eAp,,(r, 0)+ €Y (r, 6, x),
. - (3.23)
@ =zx+e¥Y(r,0,x).
The unknowns ¥, each satisfy (2.2) together with
Vi ~0 asr—»>o0; (3.24)
vy, Vt[r~0 as r—> — o0 (3.25)

and, as required by matching,

xr

A ~
~1+—/\2—;§cos26, 1ﬁ~ax—

¥

1
1+/\2xr2 cos20 asx—>o0. (3.26a,b)

The condition at the surface of the pipe gives

o _
E—ar_o, r=1, z<0. (3.27)
Finally the kinematic and dynamic boundary conditions at the jet surface require,
respectively, .
—Ay, =0, 3.28a
lfr v atr=1, x>0, ( :
Y, — Ay, = a—cos 26, (3.280)
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where at this order no additional terms arise from the transference of boundary
conditions to r = 1. N
It proves convenient to separate ¥, ¢ into symmetric and asymmetric parts. Thus

we write U=y, l/; — B;o'*"/;z- (3.290)

We consider first the symmetric problem for ,, 1, and we note in particular, from
(3.26b) and (3.28b),

Yo~axr asx—>00; Yo,—AY,,=a atr=1 z>0. (3.29b)

The potential problem for the outer and inner flows, with the conditions (3.24)—(3.28)
has been solved by the Wiener—-Hopf technique, the not inconsiderable details of
which are presented in Appendix A. Here we summarize the main features of the
solutions that have been obtained.

i) <0, r<1
In this region we have, from (A 37)

-~ _ J (,un )e_l‘n|x|
l/,(](r’ x) B '\/2 nz-:ll /unJ/ (/l’n)K+(l/l’n) ,

where the physically irrelevant constant ', has been omitted and the constants p,
are the solutions of J,(x) = 0, where J, is the Bessel function of order one. The
function K | has not been evaluated explicitly but is determined through (A 23). One
of the main features to note of the solution (3.30) is that the disturbance to the
uniform flow within the pipe decays very rapidly with distance from the orifice. The
decay is dominated by the factor e™* where u, ~ 3.86.

(3.30)

(i) >0, r<t
The perturbation potential within the jet is given by (A 38) as
A - K_(—ip)J,(pr){K,(ip) + Ky(—ip)le P*dp
R B vy e e ey o
(3.31)

where the function K_ may be determined through (A 23), and K is a modified Bessel
function of order zero. The behaviour of i, in (3.31) as > o0 has been determined
by an application of Laplace’s method to give

2
yolr, @) ~ ax(l +4—/\x—2-) as x— o, (3.32)
(ili) r 21, allx

For the region external to both the pipe and the jet we have, from (A 39),

_iaA J |a'| rye v dg
2 ) K. (0)K(lol) alo]’

1/, —_

(3.33)

Again it is of interest to determine the far-field behaviour of y,. This is accomplished
by an application of the method of steepest descents which shows that

al
Yolr, @) ~ o 2], r > oo0. (3.34)
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Tt is interesting to note that whilst the disturbance engendered by the pipe orifice
decays exponentially within the pipe, see (3.30), it decays only algebraically outside
the pipe where it displays a source-like behaviour.

We consider next the asymmetric part of (3.29) namely ¢, and ,- We note in
particular from (3.26) and (3.285) that

A
Y, ~ TEer — cos 26, lﬁ2

xr® cos20 asxr— 0

YL (3.35)
and Vop— Ay, = —c0820 atr=1, z>0.

The details of the method of solution for ¥,,, are given in Appendix B, here we
summarize the main features of the solution.

(iv) <0, r<1
In this region we have, from (B 22a),

v2cos20 = Jo (R, r) el
— 1+A4Q 1o - ,
TET ARR ¥ S TRPHCN
where K, may be inferred from (B 15), 4 is a constant defined Appendix B and the
2, are the positive zeros of J3(£2), where J, is the Bessel function of order two. As
x— — o0 in the pipe we see from (3.36) that

Ja(r,0,z) ~ V2(1+A4Q,)J, (2, r) e cos 20
a\7", U, (1+A2)%Q¥K+(IQI)J,2/(91) »

&2(7‘7 0’ CL') =

(3.36)

z— — 00, (3.37)

where €, ~ 3.05. Again we note a very rapid decay of the disturbance in the pipe.

(vyx=20, r<li1
In this jet region the perturbation potential may be written, see (B 22b), as

- xr? cos 20 icos2f Jo(pr) K_(—ip)
0.2) =~ R At

(3.38)

where K(p) is defined in (B 19), and K_ may be inferred through (B 15). For large =
the integral in (3.38) may again be estimated using Laplace’s method to give

L(p)

Palr,0,2) ~
(vi) <0, r=21
Outside the pipe, in x < 0, we have from (B 23a)

o, 0,2) = — 20820 f“’ {Kz(ipr) Kz(—ipr)} R
V2r(1+ A% ), | Ki(ip)  Ky(—ip) | p°K (ip)

_xr2 cos 20{ _ A2
8(

Y 1 +A2)x“} as r— 00, (3.39)

(1+Ap)dp,
(3.40)

where K, is a modified Bessel function of the second order. From (3.40) we may infer,
again using Laplace’s method, that for fixed r, and as x> — o0,

A(rt+1) cos 26

Vel 0.2 ~ = e )

asx—> — 0. (3.41)
(vi) =20, r=1
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Finally, outside the jet in x > 0 the perturbation potential is given by, see (B 23b),

U, 0.2) = Az cos20 A cos 26 f‘”{ iK,(ipr)
nom (1+2%) 72 /2m(14 22 J, U,(ip) Ky(ip) — A2K o(ip) I4(ip)

iK,(—ipr) }K_(—ip)l;(ip) e
 Tip) Ky —ip) + MK ip) Iy (ip) 7 (1—-A4p)dp,
(3.42)

where [, is a modified Bessel function of the second kind. The far-field, asymptotic
form of (3.42), valid as x> o0 with r fixed, is obtained by Laplace’s method as

U o(r, 0, z) ~ AT 00820 { (1 =A%) (1 4+ A%)71

(1+A%)r? 1624
This completes the discussion of the near-field solution which describes the
interaction in the neighbourhood of the pipe orifice.

} as r— o0. (3.43)

3.3. Jet force and displacement

Before leaving this section we employ the far-field solution of §3.1 to calculate the

force on, and displacement of, the jet.
In the crossflow direction the force acting, per unit length of the jet, is to lowest
order o amaol® 2
F_z—pUgaf pscosed0=M

0 (1+A%)* &

using the expression for p, = §|,., given from (3.20). A suitably defined force
coefficient Cp is then 7 BN

where £ = ¢/A, and is the inclination of the jet plpe to the undisturbed outer stream
direction when this is small.

Associated with this force is a displacement of the jet that we estimate as follows.
If we write the jet surface as r = 1+ f(£, 8), where f may be inferred from (3.7), then
the area A of the jet cross-section is given by

141
A= ZTJ rdrdf = n+ O(£*).
0J0

We define the moment of this area as

ra=2 [ rcospards =2 _pi o)
I P T3 (1+A?%)? ’
from which we infer that the displacement of the jet centroid is given by

2

h=3 (1+/\2 —ea b HOE). (3.45)

4, Discussion

The dominant features of the solution obtained are easily explained in qualitative
terms. The crossflow around the nearly circular jet induces low pressures on the sides
of the jet and high pressures fore and aft. The jet contour responds by expanding
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laterally and contracting in the fore-and-aft direction, preserving its area, by
continuity. This corresponds to the approximately elliptic form of the jet cross-
section at leading order, as given by (3.16) in (3.7). The pressure within the jet
adapts, with an increase in axial speed along the sides and a reduction fore and aft,
as given by (3.15) in (3.6). In the absence of a component of the ambient flow parallel
to the axis of the pipe, A = 0, the next terms in the surface pressure (3.20) and jet
shape (3.19) vanish. In the presence of an axial flow, with A > 0, we can regard the
jet as a solid body at an angle of incidence to a uniform stream, and apply the ideas
of slender-body theory. The growth in the lateral dimension or ‘span’ of the elliptic
cross-section gives a ‘lift’ force in the direction of the crossflow. The associated
surface pressure distribution has suction peaks towards the lateral extremities of the
leeward face of the jet, and these peaks draw out the surface into lobes, as given by
(3.19) and illustrated in figure 2. To recover the correct force, as given by (3.44), from
slender-body theory, this further deformation must be represented.

The transverse ‘lift’ force acting on the jet produces the centripetal acceleration
of the fluid inside the jet required to deflect it towards the direction of the ambient
flow. Working for the moment in dimensional quantities for clarity, we have from
(3.44) and (3.45):

for the force per unit length of the jet 4mapUZAe?E/(1+ A%)2
for the mass per unit length of the jet ma?p
for the curvature of the jet centreline 4Ae%/a(1+ A%)?;

and so the elementary centripetal acceleration relation is recovered.

Having established the consistency of the major features of the solution, we turn
to a more detailed discussion, considering first the role of the parameter .. To obtain
an indication of this role, we first look at the axisymmetric jet given by allowing ¢
to tend to zero and a to tend simultaneously to infinity in such a way that @ = ae?
remains finite and small compared with unity. The jet shape is then still a small
perturbation of the circular cylinder defined by the pipe. Writing (2.1) in non-
dimensional form gives, in this limit,

Poso P = & (4.1)
Away from the immediate neighbourhood of the orifice, the only disturbance
remaining comes from ¢,, and expresses the fact that the non-dimensional jet speed
is greater by & than the speed in the pipe. As a result, the non-dimensional pressure
in the jet is less by & than the pressure p_,, upstream in the pipe and therefore, by
(4.1), equal to the ambient pressure. These changes in speed and pressure, and the
associated change in diameter required by continuity, take place on the lengthscale :
of the pipe diameter, and are given in detail by (3.30)—(3.34). We note in passing that
this behaviour depends on the magnitude A of the coflow, except inside the pipe.
However, the eventual effect is the equalization of the pressures in the inner and
outer flows. It is, in fact, hard to imagine physical circumstances in which this
equalization would not be accomplished inside the pipe, so that the appropriate value
of @ would be zero. The presence of crossflow complicates the situation, but the
following argument leads to the same conclusion. If we take the average of the
pressure in the jet away from the neighbourhood of the orifice, as given by (3.20), we
find p_, —Pyean = 2€%. Therefore, once the pressure in the jet has adjusted to
ambient conditions, its mean level is lower by ae? than the level upstream in the pipe.
Again, it seems likely that this pressure adjustment would propagate up the pipe in
most physical situations, so that « = 0 would be the appropriate value.
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Now we consider the behaviour at the orifice lip, where some form of Kutta
condition should be satisfied. However, the behaviour of the solution quoted at the
end of each Appendix indicates that the slope of the jet surface tends to infinity as
the lip is approached. This result is inconsistent with the initial transfer of the
boundary conditions to the cylindrical surface, and it indicates a non-uniformity in
the near-field expansions. Further analysis suggests that this non-uniformity arises
on a lengthscale of ae*, and that it can be removed by solving a local problem which
is two-dimensional but nonlinear. It is hoped to address this problem in a subsequent
paper.

Setting this difficulty aside, we turn to a discussion of the effects of the parameter
A, for the case o = 0. We have already remarked that, in the absence of a coflow,
A =0, there is no force on the jet and no deflection of its centreline, to the order
calculated. The disturbance velocity field near the orifice is always symmetric fore-
and-aft to the order calculated, since the angular coordinate enters (3.36)—(3.43) as
a factor cos26. For A = 0, the terms given so far show the shape is symmetric fore
and aft on the larger scale also. Moreover, the simplification introduced by setting
A = 0 makes it practicable to calculate a further term in the expansion (3.7) for the
jet shape, namely

f1(0) = 1—3% cos 20+ 75 cos 46. (4.2)

The jet shape therefore remains symmetric fore and aft beyond the initial elliptic
deformation. A further simplification is that the disturbance field outside the jet and
pipe in the immediate neighbourhood of the orifice vanishes, to order €, when
A =0, as shown in (3.33), (3.40) and (3.42). This is consistent, in that the disturbance
inside the jet is O(e?), so the shape change will be O(¢?); this shape change in a coflow
of speed A gives a disturbance proportional to Ae?, but in the crossflow of speed e the
disturbance is O(e®).

On the other hand, the disturbance field inside the pipe, given by (3.30) and (3.36)
exhibits rapid exponential decay regardless of the value of A. This suggests that a
similar behaviour may be expected when a cylindrical jet exhausts through a circular
orifice in an infinite plane.

When A > 0 it is meaningful to write e = fA, as in §3.3, so that the pipe is inclined
at an angle tan™ f to the ambient flow. The treatment is valid both for A of order ¢
and £ of order unity and for A of order unity and £ small, in which case § is the
inclination of the pipe to the flow. In the former case, in which the ambient speed is
small compared with the jet speed, it is consistent to neglect A? compared with unity,
thereby simplifying the formulae considerably. For example, both the force per unit
length of the jet and the jet deflection, at a fixed distance x from the orifice, become
proportional to Ae?, according to §3.3. Hence if A2+¢? is given, corresponding to a
specified ambient speed, the maximum force and deflection arise when € = 3A2, i.e.
the pipe is inclined at 60° to the ambient velocity vector. On the other hand, if the
coflow is comparable with the jet speed, so that § < 1, the inclination of the pipe will
be small and approximately equal to 4, and the force and deflection increase like
B for a given ambient speed A. A numerical example calculated for A = 0.5, ¢ = 0.1
is shown in figures 2 and 3. Figure 2 shows the cross-sectional shapes of the jet, as
given by (3.7), (3.16) and (3.19), for distances 1, 3, 5 and 7 pipe radii downstream of
the orifice. At « =1, the section is almost circular, at x = 3 it is approximately
elliptic, at « = 5 it is kidney shaped, and at # = 7 it has taken on a lobed form. By
x = 7, the assumption of an approximately circular cross-section is clearly inadequate
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Freure 2. Cross-sectional shapes of the jet at x =1, 3, 5, 7 for A = 0.5, ¢ = 0.1.

and it is unlikely that the present approach would be even qualitatively reliable
further from the orifice. The results illustrate the difficulty of defining jet deflection
in a realistic way. At x = 7, (3.45) shows that the centroid is deflected 0.073 radii
downstream, but the mean position of the jet boundary in the plane of symmetry is
just twice as far upstream, and the ‘centre of the lobe’ is judged by eye to be about
twice as far again downstream.

In figure 3 are shown the corresponding distributions of non-dimensional pressure
on the jet boundary, as given by (3.20). These are plotted round the circumference
of the undeflected jet and normal to its circular boundary. The interaction between
the shape and the pressure distribution is easily visualized. The surface pressure in
the plane of symmetry is independent of « and given by

e} (1—-A?
p-po =10 (4.3)

This may be compared with the level upstream on the pipe in the same plane,
corresponding to stagnation of the crossflow:

P=Pu = '21'62'

Thus we see that the pressure falls by A%?/(1 + A?) in the plane of symmetry near the
orifice.

If A = 1, so that the velocity of the coflow is equal to that in the pipe, we have a
special case. In the absence of crossflow, there would be no jet. With crossflow, a
vortex sheet remains and the solution resembles the vortex wake of an annular wing
of vanishingly small aspect ratio. In particular, ¢,; = 0, by (3.18), and, by (4.3), the
pressure on the jet in the plane of symmetry is the same as the undisturbed pressure
of the ambient flow. The bound vortex lines in the pipe lie along its generators, but
a glance at (3.16) shows that the ‘trailing’ vortex sheet contains a circumferential
component as well.
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—0.01
PP

0.01

Ficure 3. Jet surface pressure, plotted normal to the section of the undisturbed jet at
x=1,3,5,7T7for A=0.5,e=0.1.

The behaviour of the vortex lines, defined as curves of constant ¢ — @, for the more
general case with A = 0.5, ¢ = 0.1 illustrated previously is shown in figure 4. The
vortex lines are drawn on the surface of the undeflected jet, half of which is then
unwrapped into the plane of the paper. Superimposed on the vortex lines are the
mean streamlines, i.e. the streamlines of the mean of the surface velocity fields inside
and outside. Since there is a difference of total pressure across the sheet, the vortex
lines and mean streamlines are different. We note that the vortex lines become more
closely aligned with the jet axis as the distance from the orifice increases, and that
they lie closer together. This represents the formation of the vortices aligned with the
jet axis which are a feature of the development of the jet in crossflow.

When A > 1, the flow resembles a wake rather than a jet, with lower axial
velocities inside than out. For a given pipe inclination g, both the force and the
deflection at a given distance from the orifice are proportional to A%/(1 +A2)%, from
(3.44) and (3.45). Both therefore increase monotonically with A, as the jet or wake
offers less resistance to the ambient flow. However, to maintain the assumptions of
the treatment, # must become smaller as A increases. By supposing U, — 0 as A - 00,
keeping AU, fixed, with f— 0, we find the solution corresponds to a uniform flow of
speed AU, surrounding fluid at rest within an infinite circular cylinder.

So far we have assumed A > 0. If a negative value of A is introduced, the jet is
apparently deflected upstream. It may be that a local behaviour of this kind is
possible, but we must reject the idea of a jet penetrating to infinity against the
crossflow. Although the problem has been formulated as a pair of potential problems,
the matching condition requires the formation of a vortex sheet. Consequently, the
allowable solutions must be at least weak solutions of the Euler equations governing
inviscid rotational flow. For these equations, the streamlines are characteristics for
the propagation of vorticity, so that in a properly posed problem vorticity must be
specified upstream, or originate at a solid surface, and emerge downstream. It is of
some interest to see how the derivation of the force on the jet from slender-body



Jet in crossflow 173

Windward

Orifice

N N U WA N W
HL\W\UA\\L\\

Leeward

T16URE 4. Vortex lines and mean streamlines in one half of the unwrapped surface of the jet
for A=05,e=0.1,0< x<7,0< 6 < n In this figure the scales are equal.

theory fares for a jet directed against the coflow. The jet now corresponds to a body
at incidence with approximately elliptic cross-sections and with span decreasing in the
direction of flow. In the absence of separation, the local lift is then negative, as the
present treatment suggests. However, the overall force on the body, regarded as
terminating in a circular base at the jet orifice, is positive. Once again then, an
inconsistency arises if we try to extend the local solution to a global one.

Finally, we must return to our initial question: how far can the behaviour of the
jet in crossflow be explained in inviscid terms? We have shown that, if the jet is
initially directed downstream in the ambient flow, inviscid mechanisms produce a jet
deflection, a jet distortion, and an axial vorticity increase qualitatively similar to
those observed. In view of the central assumption that the jet remains close to a
circular cylinder, it is clearly impossible to carry the present treatment far enough
to warrant making quantitative comparisons. If the jet is initially directed upstream,
no meaningful conclusion can be drawn from the present treatment. If the jet
emerges exactly normal to the ambient flow, the present treatment predicts a
growing distortion which eventually violates its assumptions, but no deflection. On
the other hand, it does suggest that if a small downstream deflection should arise,
inviseid mechanisms would increase it. The next step appears to be the application
of a panel, or boundary-integral method, to seek a self-consistent global solution of
the inviscid flow problem.

This work has been carried out with the support of the Procurement Executive,
Ministry of Defence. The authors are grateful for useful discussions with Professor
D. W. Moore and Dr C. C. Lytton.

Appendix A

In this Appendix we outline the solution of the problem for i(r,x), lﬁo(r, x)
introduced in (3.29a). Both ¥, and ¥, are harmonic functions which satisfy the
boundary conditions set out in (3.24), (3.25), (3.27), (3.28a) and (3.29b).

It is first convenient to introduce new dependent variables

Dy(r,x) = Polr,x)—ax, r<l; Py(r,x)=t(r,x), r>1. (Alab)
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Both 950 and ¥, are harmonic functions which, from (3.24)—(3.27) and (3.29b),
satisf - -
y Vo> —ai asx—>—00, ®,—0 asz—oo forr<l, (A 2a,b)

¥,~0 asjzj,r—>00 forr>1, (A 2¢)

together with, at r = 1,

W0 naco; Poo 2B W 0P

o~ or % Y T mE>0

(A2d,e.f9g)

In order to exploit the Wiener-Hopf technique the strategy that we now adopt is
to solve, not a harmonic problem with conditions (A 2), but a Helmholtz problem in
which (D and ¥, satisfy

A2¢—82(D=0 r<l;, A¥,—8¥,=0, r>1, (A 3a,b)

where & is a constant such that 0 <d <1 and 42 =V2+0%/02® is the three-
dimensional Laplace operator. The equations (A 3) are to be solved subject to the
conditions (A 2), but with the far-field condition (A 2a) replaced by @, ~ a ¢™** as
x— — o0, where a is a constant, to be chosen such that in the limit § >0 the solution
of the Helmholtz problem reduces to that of the original harmonic problem. Now, it
can be shown that the far-field behaviour of ®, and ¥, gives

- a(e™®+aq, )} asx - —©
Dy(r, x) ~{ s

b, e % /x as x—> o0 (A 4)
¥ (r,x) ~c, e *R/R as B— oo,

where a,, b; and ¢, are constants, and R? = 2422 To remove the exponentially
growing part of @, as x> — o0 we introduce @, such that

By(r,@) = By(r,x) —a €77, (A 5a)
with 2P, — 8D, = 0, (A 5b)
and aai_o onr=1, z<0, (A bc)

r

oY, 0P oY,
b, — OFo 0 -8z —
_—ar -ar 2 =A o +ade onr=1, x>0. (A 5d,e)

We note that it may now be shown that
|@| ~ A e |¥|~ Be ¥ agiz|>o0 (A 6)

for some constants 4 and B. The problem posed for @,(r,x) and ¥,(r,x) in the
foregoing is a Wiener—Hopf problem. To solve this we first define the Fourier
transform of @, as

@ls,r) = Jm D, (r, x) e¥** dz, (AT

with a similar expression for the transform ¢ of ¥,. In (A 7) s = o +ir is a complex
variable, and it can be shown from the condition (A 6) that both ¢ and ¢ are analytic



Jet in crossflow 175

functions of s in the strip R = {s: —§ < 7 < 6}. We also define the half-range Fourier
transforms -

P(s,7) = J D(r,x)e*dx, @_(s,7)= J“ D, (r,x) e**dx, (A 8a,b)

0 -

with similar expressions for ¥ (r,z) and ¥_(r,x), the half-range transforms of
¥(r,x). We may deduce, upon using (A 6), that ¢, and ¥/, are analytic in the region
R, ={s: 7> —46}, whilst @_ and y_ are analytic in B_ = {s: 7 < 8}. To ensure that
@, and ¥, have, at worst, an integrable singularity as x—~ +0 we also require @,,
V., @_ and ¥_ to decay algebraically as |s| > o0, in B, and R_ respectively. We note
the relations

@(s,7) =@ (s,1)+P_(s,7), P(s,r) =Y. (s,7)+¥_(s,7); s€R. (A9a,b)

Consider now the solution of (A 3b) that is appropriate to the region » > 1. The
full-range transform of (A 3b) gives

oy
r@r( ar) NP =0; sek, (A 10)

where y(8) = (s+i8)i(s—id)k. (A 11)

We make y(s) single-valued by introducing branch cuts at s = +id; these are chosen
to lie on the imaginary axis outside the region R. We choose the branch of y(s) that
is real and positive on the real s-axis from which it follows that Re (y) > 0 in the
entire cut plane. With y(s) so defined the solution of (A 10) that remains bounded in

Rasr>oois B(s,7) = A(s) K,(yr); seR, (A 12)

where K is a modified Bessel function of order zero, and A(s) an, as yet, unknown
function. Before we consider the boundary conditions at » =1 we introduce the
notation @, = @.(s, 1), ¢} = 0@, (s, 1)/0r, etc. The half-range transforms of conditions
(A 2d) and (A 5¢,d, e) give

. =y. =0, SeER_, (A 13a,b)
Y=g, = 0 seR,, (A 13¢)
{AP,(1,0)— D,4(1,0)} ad
—p, = : . A
Ay, —o, . +s(s+i6)’ SER, (A 13d)

Since ¢, and ¢, must both be analytic in B, we must remove the pole at s = 0 by
choosing A¥,(1,0)—P,(1,0) = a so that (A 13d) becomes

ia
Ay, —@, =

S-}—_i(?; SER+. (A 136)

Also, eliminating A(s) from (A 12), and using (A 95), we have
)
7

We now consider the solution in » < 1. The appropriate solution of the full-range
transform of (A 5b) in r < 1 is given by

Yoty = (Yi+yl); seR. (A 13f)

@(s, 7y = B(s)I,(yr); seR, (A 14)
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where /; is a modified Bessel function. From (A 15) and its derivative evaluated on
r = 1 we have, when B(s) is eliminated, and use is made of (A 9a),

_ 1y(y)
vL(¥)
(A 15) with (A 13) now provides us with a total of six relationships between the

eight unknowns @, @, ¥, ¥’,. The analyticity properties that are required of these

unknown functions make the system determinate provided that (A 13) and (A 15)

can be rearranged to obtain a Wiener—Hopf equation.

To proceed, we first eliminate ¢, ¥/, ¥~ and ¢’ from (A 13f) and (A 15), making
use of (A 13a—,e) to give
ia__ AKy(y)
= / , R, + =
s+i6 yKyy) T € $TE

Pt (@i +9l); seR. (A 15)

I(y)
Y1o(y)

¢,; seR.
(A 16a,b)

QL FAY_+

If we now subtract (A 16a) from (A 16b) we find, after some manipulation,

K@) 7.6)+7-(5) === seR, (A 17)
_ _ =A%)yl (y) Kiy(y) =A%
where P=¢, P_=Ay_—¢_, K(s)= '}’ZKSO(?’)I(/)(O?’) (A 18a,b,¢)

It can be shown that K(s) is analytic in R and, with the constant A not far from unity,
an application of Rouché’s theorem shows that K is non-zero in the entire cut plane.
With these properties for K(s), (A 17) is a Wiener—Hopf equation for 5, and 75_
defined in the strip K.

Consider the kernel K(s) in (A 17), which is defined in (A 18¢). It is readily shown
that K is an even function in the cut plane and that

(1423
y(s)

Our aim now is to find functions K (s) and K _(s) which are, respectively, analytic and
non-zero in B, and R_ such that

K(s) ~ as |s| > c0. (A 19)

K(s) = K () K_(s), (A 20)
for each s in R. To accomplish this we first write

K
Fs) = logw =F. (s)+F_(s); seR, (A 21)
1+A
where the branch of the logarithm in (A 21) is chosen such that F(s)—>0 as
Re (s) > o0 in R, which also ensures that F(s) >0 as Re (s) > — o0 in R since y(s) K(s)
is an even function of s in R. The Cauchy integrals can be used to define F,(s), F_(s)
as
1 F(£)

Fifs) = %5~ C+§—_Edg; sER,, (A 22)

where (', C_ are contours which each run from £ = — o0 to £ = + o in R; ', passes
below the point £ = s whilst C'_ passes above that point. It may be shown that ¥, and
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F_ are analytic in R, and RE_ respectively, and in terms of them the functions K, and
K_ in (A 20) are given by .
(14 A%z exp {F, (s) +3mi}

K §) = 1 3 R >
) (s +i0)} SEM
. - (A 23)
K_(s)= (14+ A%z exp ?F_l(s)—zm} . seR.
(s—1id)2
It is readily shown from (A 22) and (A 23) that
K. (s)=K_(—s);
K+(8)~ﬂ—,1 as|sj>o0 in R, ;
s (A 24)

K _(s) ~ gf as|s|]>-oc inR_,

S

where f, and g, are constants. With K(s) defined as in (A 20) we now rewrite (A 17)

as
J(s)=J_(s); SER, (A 25)
wher J(s) = K(s) 9.(s) + ia ; seR
ere 0 = At g ey v
1K (s)/K (—id)}i ) (429
- —id)}tia 9_(s
J = — 5 R .
- K_(s)(s+10) K. (s)° € 8-
From (A 26) it may be seen that J and J_ are analytic in B, and R_ respectively
with |7, (s)| >0, and |J_(s)| = o(}s[f) as |s| > o0 in R, and R_ respectxvely If we now
define J(s) = J,(s), s€ R, then since, from (A 25), J_(s) is the analytic continuation
of J,(s) into R_, J(s) is an entire function with |J(s)| = o(ls|?) as |s| > c0. It follows,

using Liouville’s theorem, that J(s) = a, where q, is a constant. If we insist that our
solution has the least possible singular behaviour at the pipe orifice, then we require
74, M_ to decay as rapidly as possible as |s| > co. Thus a, = 0 and (A 26) yields

ia

K (—i0)K,(5)(s+18)°

ia{K_(—i0)—K_(s)}
K (—i0)tw) & €F (8270)

from which we may deduce that |y, (s)] ~ bllsl“% and |9_(8)| ~ b,ls{™! as |s| > o0 in R,
and R_ respectively, where b, and b, are constants.

We are now in a position to complete the solution for § #+ 0. If we make use of
(A 12), (A 13), (A 14), (A 16b), (A 18), (A 27), and the Fourier inversion theorem, we
find, after some manipulation, that

7,(s) = — seR,, (A 27a)

7-(s) = —

I (yr)e e 8z ds
® : A
or2) =~k —laf Ko metn ' <b (428)
Ky(yr) e ds
= ; 1. A 29
and Folr, ) 21rK —la f Ko yK,) et (429)

From (A 28) and (A 29) it is easily shown that the condition A¥(1,0)—®y(1,0) = a
is satisfied, which provides a useful check on our solution at this stage.
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We next consider in greater detail the solutions (A 28) and (A 29) for § + 0. First
we address (A 28) in x < 0. It can be shown that the integrand decays exponentially
as |s| > oo in the upper half-plane, and since K, (s) is analytic and non-zero in R, the
only singularities of the integrand in upper half-plane are those of

— Io(yr) A3
9(v) A (A 30)
Since g is an even function of v it is continuous and analytic across the branch cuts
for ¥ in the s-plane, and its only remaining singularities in the upper half-plane are
at the roots of y(s)Ig{y(s)} = 0. This equation has a countably infinite number of
roots, corresponding to simple zeros, in the upper half-plane, at s = s, = i(u2 + 62)},
n=20,1,2,.... Here the constants u, are the positive zeros of J,(#), where J, is the
Bessel function of the first kind of order one. For x < 0 then, the integral (A 28) is
evaluated by deforming the contour of integration into the upper half-plane, and
using the residue theorem, to give

ae™™ o & Io(ipt,, ) e~whroHhal
2FKE(—10) K_(—10) puy (2 + (2 + %1+ 8} K (i3 + 8B Iy lips)
r<l, z<0. (A31)

Now consider the solution (A 28) in > 0. It is convenient to use (A 18¢) and
(A 20) to write (A 28) as

_ia o Io(yr) yKo(y) K_(s)
Py(r,z) = 2nK_(—i8)f [{(1—/\2)710(7)1{6(7)—/\2}

d50(7.: x) =

. e lsz ia [ e isz
K_( 18)] s+i8ds o f_w 8+i8d8' (A 32)
Note that in (A 32) we have subtracted, for convenience, the simple pole of the
integrand of (A 28) at s = —id. The first integral in (A 32) can now be expressed in
a more convenient form by deforming the contour around the branch cut in the lower
half-plane, whilst the second integral is readily evaluated via the residue theorem.
After considerable manipulation we have

_ a I{il(p)yry I'(p) K_(—ip) e77*
$olr:2) = Sk (—10) f p—3
] Ky{~il(p)
[(1=2%)il(p) I {il (p)} Ko{ —il(p)} + A*]
- K{il(p)} }dp—ae“”' r<i, >0
[(1 =A%) il(p) I (il (p)} Ko{il (p)} — A%] ' ’ ’

(A 33)

where I'(p) = (p+ 6)i(p— ).
We now turn our attention to the solution (A 29) for » > 1, with 6 + 0. The

expression (A 29) is in fact a convenient form for the solution. With the 1ntegratlon

taking place along the real axis we write s = o and then, with () = (o2+ 62)! we

have 1

K {(o*+8%)ir} e " do

2nK_(—id) Lo K (o) (0 + R K (o + 0% (o +16)

This completes the solution for 8 # 0. Our remaining task is to recover the solution
of the original harmonic problem via an appropriate limiting process in which ¢ - 0.

Yolr,x) = —

(A 34)
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First, we consider the behaviour of K (s), K_(s) as 6> 0. It can be shown that both
K. and K_ remain bounded as § -0 unless |s|] >0 also. For §,|s| € 1 we have the
limiting behaviour

K. (s) ~ :_/ 8+Cl’ K_(s) ~ ——\/—%+C uniformly as §,1s| >0, (A 35)
where C, and C, are constants that have not been evaluated explicitly.

For the solution of the original harmonic problem @, is required to satisfy the far-
field condition V@, —ai as £ > — o0 in the limit § > 0. For non-zero & we have, from
(A 5a) and (A 31)

5 —8z __
Dy(r,x) ~ ( %) {K( i) e

ed‘z
—+ K —w, (A36

282K_(——i8)}+ ; ABX—>—00 ( )
where £, denotes terms that remain exponentially small in the limit x> — oo as
& 0. If we now expand the asymptotic expression (A 36) for § € 1, making use of
(A 35), we see that the choice a = a/24 gives, in the limit § = 0,

‘130(7,90) ~—axr++/2aC,+E, asx—> —00

as required. With this value of a the solution of the original harmonic problem is now
determined by taking the limit d+0 in (A 31), (A 33) and (A 34), making use of
(A 35).

Consider first the solution in » < 1. For x < 0 we have from (A 31), (A 5a) and
(A la)

~ _ _ J (/u/ 7‘) e_,“nlxl
Jutr) = | v20,~ 75 e =<0 (43T

Similarly we obtain the solution in x > 0, via (A 33), as

a/\2f _(ip)J o (pr){K(ip) + Kj(—ip)} e P*dp
2%n A2+ (1— /\2 )ipd o(p) Ko(—ip)HA®— (1 =A%) ipJ o(p) Ky(ip)}
x>0. (A38)

+azx,

For the solution in r > 1 we find, from (A 34),

iaA Ky(lo|r) e 7*
vl == [ i (339)

Finally in this Appendix we determine the asymptotic form that the solutions
(A 37)-(A 39) take in the far-field limit. From (A 37) we have immediately

Jolpa 7 r) e~#id
V2 pi () K (ip,)

From (A 38), estimating the integral for large x using Laplace’s method, and noting
that the integrand takes the value n/4/2 in the limit p -0, we find

;!r( x) ~ \/210— as ¥— — a0, (A 40)

- 2
g[/o(r,x)~ax+% as ¥ — + 0. (A 41)

Inr>1litis approprlate to consider the asymptotic form of the solution (A 39) in the
limit (#*+22)t > 00. The integral may be estimated in that limit, via the method of

steepest descents, as

al
I/fo(”',z)'\’mz—)% as |z|,r—>oo. (A42)
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In obtaining ¥, ¥, we have chosen the solutions that exhibit the least singular
behaviour at the lip of the cylinder as x -0+ . An examination of (A 31), (A 13c¢, e),
in the limit as § >0, shows that this choice leads to the followingonr =1asz—>0+:

W t

or’  or ~ Yoax

where vy, is a constant;

% , % bounded.
ox ox

Consequently we have |Vir,|, [V, ~ yoaxionr=1asz—~0+.

Appendix B

In this Appendix we turn to the asymmetric components ¥, %, These are
harmonic functions with boundary conditions set out in (3.24), (3.25) and (3.35). We
first write

Yo(r, 0, x) = Yr¥(r, x) cos 20, 1}2(7‘, 0,x) = &;‘(r, x) cos 20, (B1)

and then introduce the new dependent variables

2

- > xr
D,(r,x) = ¢§(r,x)+1—_l—_—/\2, r<i;
N (B2a,b)
- x
—_ * _
Yo(r,x) = Yi(r,x) TFSOYEE r> 1.
The far-field conditions satisfied by 952, 772 are
-~ xrt -
¢2~1+/\2 asz—>—ow, D,»0 asx—o0, r<l, (B 3a,b)
. Ax .
T2~—m asr—> —0a0, gj2—>0 asx—o0, r>1, (B3C,d)
with the remaining conditions, on r = 1, given as
od 2x oY, 2Ax
e o i 250 (B 4a.5)
aT2=/\Q‘%, A%:%’ x>0 (B4C,d)
or or ox ox

As in Appendix A, in order to employ the Wiener—Hopf technique, we solve a
modified Helmholtz problem in which @, and ¥, satisfy

4252_%52_3252 =0, r<l, (B 5a)

4
T2

N, ——,—8F, =0, r>1, (B 5b)
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This modified problem also requires a modification of the boundary conditions
(B 3a,c), (B 4a,b) which become, respectively,

~ 7'2

¢2~—-2—8~(—1—_+Tz)(e"“—e"’) asr—>—o0 forr<l, (B 6a)
¥, ~~/\—(e“"’—e“) asx——oo forr>1 (B 6b)
2~ 21+ A5 :
Qg—_-l— —8T __ bz @_2__ A ~8x Sz
and o~ A ) o T Taiem© O (BTl

on r =1 in z < 0. Note that the original boundary conditions are recovered in the
limit 6 >0. To complete the formulation of the problem it can be shown that as

X —> QO
—6z

e
B, ~ d,—

inr<l1l; ¥Y,~d,—— inr>1,
R

where d, and d, are constants.
The exponentially growing parts of (B 6a,b) are removed by introducing the
functions @,,¥, such that

A 72

D, = ¢2+me_“ inr<l, (B 8a)
7 A -8z
Y’2= W2—me inr>1. (B Sb)

Equations (B 5a,b) are satisfied by @,, ¥, respectively whilst from (B 4d) and
(B 7a,b) we have

oY, a¢2_1 . _ .
Ay e —g¢ onr=1 inz>0, (B 9a)
0D, t . 2 o B _
or a1 or aaranc Onr=l ma<0o (B9

Furthermore it may now be shown that

|Dy| ~ A, e, || ~ B, e ag|z| >0, (B 10)

where A4,, B, are constants.

Since (B 10) ensures exponential decay the Wiener—Hopf technique may be
employed. The full-range and half-range Fourier transforms of @, and ¥, are defined
as for the corresponding quantities in Appendix A. Again, full-range transforms are
analytic in R whilst ‘4’ and ‘—’ transforms are analytic in B, and E_ respectively,
with all transforms exhibiting algebraic decay as |s] > oo in the appropriate domain
of definition.

If we follow the procedures adopted in Appendix A we obtain, for the full-range

transforms @,, ¥, of @, and ¥,,
D.(r,8) = A(s)I,(yR), seR, r<l1,
?2( ) B 2(YR) 1 (B 11)
Ty(r,s) = B(s)K,(yR), seR, r>1,)

where I, and K, are modified Bessel functions of order two and A(s), B(s) are, as yet,
undetermined functions.
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If we transform the boundary conditions (B 4c¢), (B 9) and eliminate A(s), B(s), the
following Wiener—Hopf equation results:

_ i iK(s)
K =
0+ = e T r =y C€F (B 12)
where Ny = a(g:+ , po= /\Iﬁz—lr=1 _¢2—‘r=1a
r=1
’ —_ )2 ’
and R(s) = K = VK0) L(y) (B 13)

yI(y) Ko(y)

Again, for A close to unity, an application of Rouché’s theorem shows that K(s) is
non-zero in the entire cut s-plane.
The solution of the Wiener—Hopf equation is given by

o i{E(5)— K. (id)} 1
T+8) = TR0 0K . (s) (5—10) T 23K.(5) K(—10) (s+10)" se k.,
{R_(s)—K_(—i8)}  iR.(i8) K_(s)

20K _(—i0) (s+10) T (14 %) 0(s—10)’ sER_.

In (B 14) K_(s), K_(s) are the multiplicative factors of the kernel K(s) and may be
expressed, through the Cauchy integrals, as

(B 14)

7-(s) = —

7 (1+/\2)26XP{+iﬂl+F (8)}

K. (s)= (s+13) , SeR,, (B 15)
¢ )
where Fi( ) +-2_1H wa (B 16)

with the contours of integration C,, C_ as in Appendix A.

We may now obtain the solutions in r 2 1 for § # 0 by making use of (B 14) and
the Fourier inversion theorem.

For r < 1 the solution in z < 0 is obtained by deforming the contour into the upper
half-plane to give:

r2 %% © 1
D —_ —
or. @) = 26%(1 +/\2)+,§1 [2K_(—ia){(93,+32)%+a}
. LB N
(1+A%){(Q2 + 6% —8}] K {i(Q% + 0*)3 I4(iQ,) (2 + 82

forr<1 nxz<0, (B17)
where the 2, represent the positive zeros of J,(£2).

For « > 0 the solution is obtained, by deforming the contour around the branch
cut for y in the lower half-plane, as

K, (i9) 1 —pz
Pfr.2) = J Kp) Il p) 1 K6 {u+A2><p+a>“21?_<—ia><p-a>}e " dp
7.2 e—d:l:
+——— forr<1 inzx>0, (B18)

20(1+ A2
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where

Rip) = [ Ky —il(p)}
L0 (p)} K — 10 (p)}+ K — il (p)} AT (p)}]
_ Ki{il(p)} ] B 19)
(LA (p)} K lil (p)} — A KL (il (p) i (p)}] ]
and I'(p) is as defined in Appendix A.
For r > 1 the most convenient form of the solution is obtained as

_id Koy(yr) !
#n®) = 505 [ LO {2K_(—i6)K’+(s) YKL ) (5110) | 2(1+ AT (54 10)

_ I{_z('}”) K+(i8) _ 1 }e-—lsz ds
(LA K, (5) vK,(7) (s—10)  2(1+ A5 ri(s—1)
1 QO e—IS.TE 1 e o] e—lSI
- ds|.
ST J_ws—iéds 2(1+ %) 72 f_ms+i8 S] (B 20)

We are now in a position to recover the solution of the original harmonic problem
by taking the limit § >0 in (B 17)—(B 20). First note, from (B 15) that
2\3
B (s) ~ (1 ;" ) as 8, [s| 0. (B 21)

If we now make use of (B 2), (B 8), (B 17)~(B 21) and allow >0 we obtain, after
considerable manipulation, the solution of the original harmonic problem. Thus for

r < 1 we have
1

z 2 2 Jo(R2,r) e i
4 —3 =" B 22
Y, x) = (1+/12) E (1+AQ")QZK+(LQ”)J;’(Q”) inz<0, a)
and
e == fmff(m”’z D) g (—ip)e?*(1—dp)dp inz >0,
* L+A* m2(1+13)1 ), P

(B 22b)
where K(p) is defined in (B 19) and

’ (o0) N _ 2 -1
a={ [T EOEOLDN o [ 3114000 R i)~ o )

is a constant.
The corresponding solutions for r > 1 are given by

* _ —A ® (K, (ipr) Kz(—ipr)} e~ Pl .
vivn = o |, R K| PR 4P @ e <0
(B 23a)

and
Ax A
Vi) = T e r(d+ R

y J“’[ iK yfipr) i y(—ipr) ]
o [T0p) K5lip)~ XK i) Ty} U30ip) Ky —ip)+ XK o~ ) T30}

E (=P 5(p) s

e (1—A4p)dp inxz>0. (B 23b)
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In this Appendix we finally evaluate the asymptotic forms of the solutions (B 22),
(B 23) in the limits x > + .
For r < 1 we have, immediately, from (B 22a)

. 2\ J (82, r) e il
5 ~|l—] 1+42 21 -
e~ () 0 a0rg gy e ww

whilst an application of Laplace’s method to (B 22b) yields

YE(r,) ~ — 2 (1——8( A ) asx— + 0. (B 25)

1+ A% 1+ A% 2t
For r > 1 we use Laplace’s method to obtain the asymptotic forms of (B 23) as

A(r2+r72)

* e ] p—
Yi(r,x) 16+ A% 22 as xr— — 00, (B 26)

} asx > + o0, (B 27)

and I {1 (1= A% (L+A2) 4

(1+A2%)r? 1624

where it should be noted that the limits in (B 26) and (B 27) are taken with r fixed
and finite.

As in Appendix A, we have chosen here the solutions ¥, /* that have the least
possible singular behaviour as x>0+ at the lip of the cylinder. From (B 14) and
(B 2258) we find that this choice leads to the following as x -0+ onr=1:

. * * Tk
oyrs V24 a_'ﬁ_g_~_ V224 ~3 Wy a—al/% bounded.

~—— e 2

or A+ o (+pm " e

The implications of the singular behaviour at the lip are discussed in §4.
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